We make a detailed study of the photoproduction mechanism of the doubly heavy flavored B ( * ) c meson at the purposed Large Hadron Electron Collider (LHeC) within the framework of nonrelativistic QCD. In addition to the photoproduction mechanism via the gluon-induced channel γ + g → B 
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I. INTRODUCTION
The doubly heavy mesons are helpful for studying both the perturbative and nonperturbative features of quarkantiquark bound states [1, 2] . The heavy constituent quarks move nonrelativistically in those systems, which can be well understood within the framework of the effective theory of nonrelativistic quantum chromodynamics (NRQCD) [3] . Among the doubly heavy mesons, the B c meson, being a (cb)-quarkonium state, is unique. It decays mainly via weak interaction and has a relatively long lifetime, thus providing a fruitful laboratory for testing the QCD potential model and understanding the weakdecay mechanism of heavy flavors.
The hadronic production of the B c meson has been extensively studied [4] [5] [6] [7] [8] [9] [10] [11] [12] following its first observation by the CDF Collaboration at the Tevatron [13] . Many experimental studies, especially at the Large Hadron Collider (LHC) [14] [15] [16] , have resulted in series of achievements. At the same time, theoretical predictions have also been updated. In Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , the authors have studied the production of the B c meson together with its excited states at hadron colliders either directly via the dominant gluon-gluon fusion, etc., or indirectly via the top-quark or W -boson decays. The B c meson production at a high luminosity e + e − collider running around the Z 0 -boson threshold (the so-called super Z factory [29] ) or * bihy@mail.ustc.edu.cn † zhangry@ustc.edu.cn ‡ han@itp.ac.cn § jiangyi@ustc.edu.cn ¶ wuxg@cqu.edu.cn at the proposed International Linear Collider (ILC) via photon-photon fusion have been analyzed in Refs. [30] [31] [32] [33] [34] . Those studies indicate sizable B c meson events can be generated on various platforms.
At present, the hadron colliders have accumulated enough B c meson events for its discovery, but we still need more data for a better understanding of its detailed properties. It is interesting to show whether there are any other kind of colliders which also have the ability to generate sizable B c meson events. In addition to the super Z factory or ILC, the hadron-lepton collider may also be an important machine to probe the B c meson properties [35] .
The Hadron-Electron Ring Accelerator (HERA) is the first such kind of machine, at which the electrons of 27.5 GeV collided with the protons of energy up to 0.92 TeV. Analyses of the elastic and proton dissociative photoproduction and the inelastic photoproduction of the J/ψ meson were reported by the H1 Collaboration [36] . However, no B c -meson events have been reported there, which is mainly due to its low luminosity L ∼ 10 31 cm −2 s −1 and low collision energy.
Recently, a new proton-lepton collider, namely the Large Hadron Electron Collider (LHeC), has been proposed [37] . It is designed to use a newly built electron beam of 60 GeV (to possibly 140 GeV) to collide with the intense 7 TeV protons at the LHC. The negative four-momentum squared (Q 2 ) and the inverse Bjorken parameter (x) of the LHeC are extended by a factor of 20 compared to the case of HERA, and the designed luminosity ∼ 10 33 cm −2 s −1 exceeds that of HERA by about 2 orders of magnitude [37] . Thus, the LHeC shall provide a much better platform for testing the proton structure. As will be shown later, it does have a great chances to generate a sizable number of B c -meson events.
Within the framework of NRQCD, a heavy quarkonium is considered as an expansion of various Fock states, whose relative importance is evaluated by the velocity scaling rule [3] . In this paper, we shall concentrate our attention on the photoproduction of the two dominant color-singlet S-wave (cb)-quarkonium states, i. At a high-energy hadron-electron collider, the photon beam can be generated by bremsstrahlung and be described by the Weizsäcker-Williams approximation (WWA) [38] [39] [40] . The incoming electron e − undergoes a sudden acceleration from the incoming proton P , a large number of quasireal photons γ can be radiated off and interact with the parton i in P . This can be schematically described by a diagram as shown in Fig. 1 . This production mechanism is usually called the photoproduction mechanism and the phenomena are usually computed by assuming that the incoming electron beam is equivalent to an electromagnetic current carrying a broad-band photon beam, i.e., the photons can be considered as partons in the electron. As will be shown later, this photonproduction mechanism greatly softens the conventional electroweak suppression to the production cross section, and sizable B ( * ) c meson events are expected to be generated at the LHeC.
For the B +c may also be important, where c andb quarks are extrinsic or intrinsic components of the proton. Generally the mechanism induced by the heavy-quark components is suppressed in comparison with the light partons due to the parton distribution functions (PDFs). However, such PDF suppression may be largely "compensated" by their lower-order nature in pQCD and a greater phase space. Some examples for such suppression for the production of heavy mesons or heavy baryons at hadron colliders can be found in Refs. [41] [42] [43] [44] [45] [46] [47] . Those works show that the extrinsic heavy quark mechanism do give large contributions to the total hadronic cross section, especially provides a dominant role at lower p T region.
In the paper, we shall take both the γ + g mechanism and the extrinsic heavy quark mechanism into consideration. It is found that the intrinsic charm's contribution to the cross section of γ + c mechanism is less than 0.1% even by taking the probability of finding the intrinsic charm in proton to be a larger value ∼ 1% suggested by Refs. [48, 49] . The intrinsic bottom's contribution is even smaller; thus, we shall not discuss those contributions from the intrinsic charm or bottom.
The rest of this paper is organized as follows. In Sec.II, we present the formulation for dealing with the subpro-
II. CALCULATION TECHNOLOGY
According to the pQCD factorization theorem, the differential cross section for the B ( * ) c meson photoproduction can be written as
where f γ/e − is the photon density function inside the electron and f i/P is the PDF of the parton i inside the proton. Here i = g stands for the γ +g mechnism and i = c orb stands for the extrinsic heavy quark mechanism. The differential cross section dσ γi (x 1 , x 2 ) is the partonic cross section of γ + i → B ( * ) c + X.
A. Weizsäcker-Williams approximation
The density function of the initial bremsstrahlung photon can be depicted by the WWA as follows [40] , where x = (p γ · p P )/(p e − · p P ) = E γ /E e is the fraction of the longitudinal momentum carried by the photon, α is the fine structure constant, and m e is the electron mass. The minimum and maximum Q 2 values, Q 2 min and Q 2 max , are given by
and
Here Q 2 max is the maximal virtuality of the photon, which is constrained by the electron beam energy (E e ) and the maximal electron-scattering angle (θ c ). The angle θ c can be determined by tagging the outgoing electron in the forward direction or by requiring it to be lost in the beam pipe (antitagging) [55, 56] . For the LHeC, the electron detector setups are considered as 1
• ∼ 179
• or equivalently 17 mrad ∼ 3.12 rad. The WWA is applicable only for θ c ≪ 1 rad; thus, in agreement with the choice of Refs. [57, 58] , we set θ c = 32 mrad in our calculation. The WWA photon distribution function f γ/e − (x) is presented in Fig. 2 .
B. A brief review on the GM-VFN scheme
The heavy-quark mass m Q ≫ Λ QCD provides a natural perturbative scale for the B ( * ) c meson production channels and also a natural cutoff for the initial-and final-state collinear singularities. If the typical energy scale Q of the process is much larger than m Q , the large logarithmic terms of ln n (Q 2 /m 2 Q ) (n ≥ 1) may ruin the perturbative nature of the pQCD series. A method to cure the problem is to resum those logarithms into the PDFs of incoming hadrons.
1 Two schemes, i.e., the zeromass quark-parton scheme and the GM-VFN scheme, are usually adopted for this purpose. In the zero-mass quarkparton scheme, the heavy quarks are treated as massless particles, the isolation and resummation of those logarithms are similar to the processes involving light quarks. Such treatment is reliable for Q ≫ m Q but is unreliable in the scale region of Q < ∼ m Q [53] . In the GM-VFN scheme, the heavy quark mass is kept in the pQCD series. Taking the limit m → 0, the partonic cross section under the GM-VFN could be equal to the case of the zero-mass quark parton scheme if the collinear singular terms proportional to ln(Q 2 /m 2 Q ) are subtracted. This correlation can be formulated as
Furthermore, the massive hard cross section dσ(m) can be formulated as
Here dσ denotes the infrared-safe partonic cross section which is free of logarithms of heavy-quark mass singularities. dσ denotes the partonic cross section and contains heavy-quark mass singularities, which can be derived via the standard Feynman diagram calculation. For the photoproduction we have
where f a/i (x) denotes the PDF of the parton a inside an on-shell parton i. The formula indicates that all the mass singularities have been factored out into f a/i (x). More explicitly, for the partonic cross section of γ + g and γ + c/b channels at the leading-order (LO) accuracy, we have
γc (x)
where the superscript k = (0, · · · , 3) denotes the α s order. The LO PDF f
within an on-shell gluon up to order α s connects to the familiar g → QQ splitting function P g→Q via the following,
where
. Then the differential cross section dσ γi in Eq.(1) can be expressed as
The subtraction terms defined in Eq. (12) can be identified as the subtraction term dσ SUB . Substituting Eqs. (12) and (13) into Eq. (1), we obtain
and the subtraction term is given by
C. Differential cross section and the hard-scattering amplitude
According to the NRQCD factorization theorem, the differential cross section dσ γi reads
where the nonperturbative matrix element O It is related to the wave function at the origin, i.e.,
, and |R S (0)| can be determined from the potential model [59] [60] [61] [62] [63] [64] .
denotes the average of the spin and color states of initial particles and the sum of the spin and color states of all the final particles, and dΦ n represents the final n-body phase space,
where p f (≤n) denotes the four momentum of final particle, and n = 2 and 3 are for γ + c/b → B ( * ) c + X and γ + g → B * c + X subprocesses, respectively.
The hard-scattering amplitude M can be expressed as 
where s and c are spin and color indices of the spinors, respectively. Then one should apply the color-and spin-projection operators to form the color-singlet bound state. For the color projection, one only needs to multiply by a factor δ c3,c ′ 3 / √ 3 to each amplitude. The implementation of the spin projection is equivalent to replace
where Γ = γ 5 for the spin-singlet pseudoscalar B c meson, and Γ = ǫ(p 3 ) for the spin-triplet vector B * c meson, respectively. ǫ µ (p 3 ) and M are the polarization vector and mass of the B * c meson. q is the relative momentum between the c-quark andb-quark, which can be set as zero for the present S-wave states.
We adopt FEYNARTS [65] to generate the Feynman diagrams and the hard-scattering amplitudes M j , and FEYNCALC [66] and FEYNCALCFORMLINK [67] to handle the algebraic manipulation. The 2-and 3-body phase-space integrations are performed by using the VE-GAS [68] program and FORMCALC [69] .
III. NUMERICAL RESULTS

A. Input parameters
We take the b-quark mass as m b = 4.9 GeV and the c-quark mass as m c = 1.5 GeV. The B ( * ) c meson mass M is taken as m b + m c to ensure the gauge invariance of the hard-scattering amplitude. We adopt |R S (0)| 2 = 1.642 GeV 3 [64] for both the spin-singlet and the spin-triplet states. The electron mass m e is taken as 0.51 × 10 −3 GeV and the fine-structure constant is fixed as α = 1/137. We set the renormalization and factorization scales to be the transverse mass of the B c meson, i.e., µ r = µ f = M T , where M T = p 2 T + M 2 . The PDF is taken as CT10NLO [70] , the corresponding NLO α s (µ) with Λ We present the cross sections for the subprocesses γ + i → B ( * ) c + X versus the collision energy of incident partons S γi in Fig. 3 . It shows the importance of the extrinsic heavy quark mechanisms, i.e., the cross section of the γ +b channel is the largest in the whole range of S γi , and the cross section of the γ + c channel is larger than that of γ + g channel in low energy region that is smaller than ∼ 100 GeV. We present the total cross sections for the B ( * ) c meson photoproduction at the proton-electron colliders in Table I . Three proton-electron colliders with five different collision energies are considered. For the HERA, we take E e − = 27.5 GeV and E P = 0.92 TeV [71] , which indicates √ S = 0.318 TeV. For the LHeC, we discuss two energy designs as E e − = 60, 140 GeV and E P = 7 TeV [37] , which indicate √ S = 1.30 and 1.98 TeV, respectively. For the Future Circular Collider-based protonelectron collider (FCC-ep), we discuss two energy designs as E e − = 250 or 500 GeV and E P = 50 TeV [72] , which indicate √ S = 7.07 and 10.0 TeV, respectively. To shorten the notation, hereafter, we use σ γg , σ γc , and σ γb to represent the cross sections of the B c meson photoproduction through the γ + g, γ + c, and γ +b mechanisms, and σ * γg , σ * γc , and σ * γb for the cases of the B * c meson photoproduction. Table I We present the B ( * ) c meson transverse momentum (p T ) and rapidity (y) distributions at the LHeC with √ S = 1.30 TeV for various production channels in Figs.(4,5) . Figure 4 shows all channels have a similar peak in low p T region and then drop down logarithmically. The B ( * ) c meson p T distributions for the γ + c and γ +b channels drop down much faster than those of γ + g channels, thus in large p T region, the γ + g distributions shall exceed meson hadroproduction at the LHC [20] , where the g + g channel also suppresses in the low p T region and dominates over the extrinsic heavy quark channels in large p T region. At the hadronic collider a large p T cut is usually adopted as the triggering condition for recording the B c events, thus the g + g channel along can explain the obtained data [14] 2 ; while at the proton-electron collider, a smaller p T cut is available, since it has a cleaner background than a proton-proton collider, thus the extrinsic mechanisms should at least be of same importance as that of γ + g channel. mesons shall move along the direction of the incident proton beam. The WWA photon, as shown by Fig. 2 , most probably carries a small fraction of the electron energy; while the partons, especially the heavy ones, in the proton could be more energetic, this explains the present large rapidity asymmetries. In a high energy collider, the events with a small p T and/or a large y can't be detected directly. Consider- ing the experimental restriction, events with proper kinematic cuts on p T and y should be put in the estimates. We present the total cross sections under several choices of p T cuts in Table II and the total cross sections under several choices of y cuts in Table III . In agreement with the p T distributions, the total cross sections of γ + c and γ +b channels drop faster than those of γ + g channels for a larger p T cut. At the LHeC with √ S = 1.30 TeV, by summing up all the channels for both B c and B * c channels, we obtain σ
It shows by applying a somewhat larger transverse momentum cut p T ≥ 5.0 GeV, we shall still have ∼ 10 5 B ( * ) c meson events to be generated in one operator year. As a final remark, we present the differential cross sections dσ/dz versus z in Fig. 6 , where z = pB c ·pP pγ ·pP .
Here, p γ , p P , and p Bc are four momenta of the photon, proton, and B ( * ) c , respectively. z is close to 1 for elastic/diffractive events and at the low z regions, resolved processes also make a contribution. A clean sample of inelastic direct photoproduction events can be obtained in the range 0.3 < ∼ z < ∼ 0.9 [36, 73] and the total cross section for this cuts are listed in Table IV .
C. Theoretical uncertainties
In this subsection, we present a discussion on the uncertainties from different choices of heavy quark masses, renormalization scale and the PDFs. In the leading-order approximation, the nonperturbative matrix element is an overall factor whose uncertainty can be figured out straightforwardly; thus we shall not discuss its uncertainty.
For the uncertainties from different choices of heavy quark masses, we take m c = 1.50 ± 0.20 GeV and m b = 4.90 ± 0.40 GeV. We shall fix all the other parameters to be their center values when discussing the uncertainty from one parameter. We present the total cross sections at the LHeC with √ S = 1.30 TeV under different choices of m c in Table V , and those for different choices of m b in Table VI. Table V and VI show the total cross sections for most of the channels decrease with the increment of the c-quark or b-quark mass in almost all the channels; there is only one exception, which is from the γ +b channel, whose total cross sections increase with the increment of the b-quark mass. Next, we make a simple discussion on the renormalization scale uncertainty, the other sources are more involved due to the introducing of the nonperturbative effects. By fixing m c = 1.50 GeV and m b = 4.90 GeV, we present the results for µ r = 0.75M T , M T , and 1.25M T in Table VII . The uncertainties due to the different scale choices are ∼ 15%, ∼ 8% and ∼ 71% for the γ + g, γ + c, and γ +b channels, respectively. By summing up all the mentioned channel's contributions together, the weighted averages of the scale uncertainty is ∼ 52%. Such a large scale uncertainty could be softened by next-to-leading order QCD correction. In fact, by using the next-to-leading order correction, one may set the optimal scale of the process via a proper scale-setting approach, cf., a recent review on the QCD scale-setting [74] . We adopt two ways to discuss the PDF uncertainty. First, we adopt three types of PDFs, such as CT10NLO, CT14NLO [75] and MSTW2008NLO [76] , to discuss the PDF uncertainty; all of which are determined via a global analysis with the help of the GM-VFN scheme. The uncertainties from those three types of PDFs are presented in Table VIII. Table VIII shows the differences due to CT10NLO and CT14NLO are tiny, e.g., less than 1%, which changes to be about 10% for CT10NLO (CT14NLO) and MSTW2008NLO. This somewhat larger uncertainty may be caused by different prescriptions on dealing with the heavy flavors when implementing the GM-VFN scheme [77] . Second, we discuss the PDF uncertainty by using the CT10NLO PDF sets along, which contains fifty-three CT10NLO PDFs, i.e., N = 53. We define this PDF uncertainty (ε PDF ) as [78, 79] 
where σ l (l=1,2,···N −1) and σ 0 are total cross sections calculated by using the l th and the default CT10NLO PDF sets, respectively. These PDF uncertainties are given in Table IX , which shows the uncertainty from the CT10NLO PDF set is around 1%.
IV. SUMMARY
In the paper, we study the photoproduction of the B ( * ) c meson at the LHeC. Our results show the extrinsic heavy quark mechanism is dominant in low p T region, but its differential cross-section drops down quickly with the increment of p T , and in large p T region such as p T ≥ 10 GeV, the γ + g channel shall exceed the extrinsic heavy quark mechanism. Thus both of them should be taken into consideration for a sound prediction. Besides, with the abilities of small p T tagging technology, the extrinsic heavy quark mechanism can be probed and the effect from extrinsic heavy quark can be tested.
We may conclude that sizable B to be generated in one operation year at the LHeC with the proton-electron collision energy √ S = 1.30 TeV and the luminosity L = 10 33 cm −2 s −1 . With such numbers of events, it is helpful to study the decay mode and the branching ratio of the B c meson and fit the NRQCD long-distance matrix elements of the B c meson. Thus, in addition to the hadronic colliders at the Tevatron and LHC, the LHeC shall provide another helpful platform for studying B c meson properties.
